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Abstract 

It is well known that inverse semigroups are closely related to etale 
groupoids. In particular, it has recently been shown that there is a 
(non-functorial) equivalence between localic etale groupoids, on one 
hand, and complete and infinitely distributive inverse semigroups (ab- 
stract complete pseudogroups), on the other. This correspondence is 
mediated by a class of quantales, known as inverse quantal frames, 
that are obtained from the inverse semigroups by a simple join com- 
pletion that yields an equivalence of categories. Hence, we can regard 
abstract complete pseudogroups as being essentially "the same" as in- 
verse quantal frames, and in this paper we exploit this fact in order 
to find a suitable replacement for inverse semigroups in the context of 
open groupoids that are not necessarily etale. The interest of such a 
generalization lies in the importance and ubiquity of open groupoids 
in areas such as operator algebras, differential geometry and topos 
theory, and we achieve it by means of a class of quantales, called open 
quantal frames, which generalize inverse quantal frames and whose 
properties we study in detail. The resulting correspondence between 
quantales and open groupoids is not a straightforward generalization 
of the previous results concerning etale groupoids, and it depends 
heavily on the existence of inverse semigroups of local bisections of 
the quantales involved. 
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1 Introduction 

It is well known that groupoids and inverse semigroups are generalizations 
of groups which, in particular, cater for more general notions of symmetry 
[U [18]. Furthermore, the two concepts are closely related in more than one 
way, a recurring theme being that from certain topological groupoids one 
obtains inverse semigroups of "local bisections", whereas from suitable in- 
verse semigroups one constructs groupoids of "germs" . This correspondence 
is well known and widely used, for instance, in differential topology [TT] and 
operator algebra theory [15]. It is not an equivalence, but it restricts to a 
(non-functorial) equivalence between topological etale groupoids over a space 
X (that is, etale groupoids G whose unit space Gq equals X) and complete 
and infinitely distributive inverse semigroups S acting on X in a way that 
determines an isomorphism between the lattice of open sets of X and the 
lattice of idempotents of 5' [10]. 

If X is sober (that is, each irreducible closed set is the closure of a unique 
singleton subset) the action of on X is uniquely determined by the chosen 
isomorphism and, even more generally, one may replace sober spaces by 
locales [HI [5] in order to obtain a bijection between localic etale groupoids 
(i.e., internal groupoids in the category of locales) and complete and infinitely 
distributive inverse semigroups [T6j . 

One is often free to choose whether to work with groupoids or with in- 
verse semigroups (see, e.g.. Fell bundles on inverse semigroups rather than 
groupoids in [1]), but such freedom of choice always entails that the under- 
lying groupoid must be etale; that is, its domain map (and thus also the 
codomain map) is a local homeomorphism. However, there are many situa- 
tions where non-etale groupoids arise naturally. Lie groupoids, for instance, 
such as the holonomy groupoids of foliations, are in general non-etale; but 
the fact that the domain map is required to be a submersion makes them 
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open groupoids in the sense that the domain map d is necessarily open. Some- 
thing similar can be said of locally compact groupoids in the sense of [H] , for 
which openness is a topological consequence of the existence of Haar mea- 
sures. In topos theory, too, the fundamental theorem of Joyal and Tierney [7j 
states that any Grothendieck topos is equivalent to the category of equivari- 
ant sheaves on an open localic groupoid. Furthermore, this is an important 
example of how groupoids can be regarded as generalized spaces, or, at least, 
as presentations of generalized spaces, which is also a common motto in the 
stacks literature (see, e.g., [1]) and throughout noncommutative geometry in 
the sense of Connes [3]. 

The importance of open groupoids across mathematics leads one to asking 
the question of whether a useful algebraic counterpart can be found for them 
in a way that generalizes the role played by inverse semigroups in relation 
to etale groupoids. A way of addressing this, which we shall pursue in the 
present paper, is based on the observation that from an inverse semigroup 
S a quantale £"^{3) is obtained if we complete S by adding the suprema of 
all the subsets of S, with respect to the natural order of S. The quantales 
obtained in this manner are the inverse quantal frames [H] and they form 
a category which is equivalent to that of complete and infinitely distributive 
inverse semigroups. Hence, for many practical purposes, in the context of 
etale groupoids it is irrelevant whether one chooses to work with an inverse 
semigroup S or instead with its quantale completion £^(5"). 

There is also a direct relation between etale groupoids and inverse quantal 
frames which does not require the mediation of inverse semigroups: if G 
is a localic etale groupoid with multiplication map 772 ; G2 — ^ Gi {G2 is 
the pullback Gi Gi of the domain and range maps), the sup-lattice Gi 
itself is canonically equipped with a multiplication, given by the following 
composition in the category of sup-lattices (see [7]), where mi is the direct 
image homomorphism of m (which exists because m is necessarily open, in 
fact a local homeomorphism) : 

Gi0Gi — -Gs^^Gi . 

The resulting quantale is denoted by 0{G). It is an inverse quantal frame, 
and it is isomorphic to the quantale completion /^^(/"(G)) of the inverse 
semigroup r{G) of local bisections of G. For topological etale groupoids 
something analogous holds, with the quantale being simply the topology of 
G with product given by pointwise multiplication of open sets. 

Conversely, a localic groupoid Q{Q) can be directly obtained from an in- 
verse quantal frame Q without any reference to germs or inverse semigroups. 
In order to see this, let e be the multiplicative unit of Q; the down seg- 
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ment Qq = |e is a locale, Q is a Qo-Qo-bimodule over it, and the quantale 
multiplication 

factors through the quotient Q Q via a sup-lattice homomorphism fi: 

Then we define a localic groupoid G = G{Q), with Gi = Q and Gq = Qq (and 
G2 = Q ®Qo Q) , whose multiplication m is defined by mi = /i. This requires 
the right adjoint /i* to preserve joins, which is not a trivial condition but holds 
for inverse quantal frames. In [16] this property of inverse quantal frames 
is referred to as multiplicativity. In addition, a topological groupoid can be 
obtained from any localic groupoid via the spectrum functor of locales, since 
this functor has a left adjoint and thus it preserves limits. In particular, if 
is a complete and infinitely distributive inverse semigroup, the topological 
groupoid obtained as the spectrum of the localic groupoid Q{C^{S)) is exactly 
the groupoid of germs of S in the usual sense. 

We can summarize the above facts by stating that the following diagram 
is commutative up to isomorphisms of the objects of the categories involved, 
and moreover £^ defines an equivalence of categories: 

Inverse 
quantal 
frames 




Etale 
groupoids 



Complete 
infinitely 

distributive 
inverse 

semigroups 



If G is no longer etale but merely an open groupoid, both r{G) and 
0{G) can still be defined as before; that is, r{G) is the set of continuous 
local bisections of G and 0{G) is Gi equipped with the direct image of the 
multiplication map. Of course, 0{G) is no longer the join-completion of 
r{G), which certainly does not contain enough information to recover the 
original groupoid. However, as we shall see, G is still determined up to iso- 
morphism by the quantale 0{G). The argument is similar to that of etale 
groupoids, but there is a big difference as regards the algebraic characteri- 
zation of the quantales of the form 0{G), which now is more complicated 
because, contrary to inverse quantal frames, the multiplicativity condition 
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is no longer a consequence of a handful of more "elementary" axioms. The 
main aim of this paper is precisely to address this question, and in doing 
so we shall be led into studying properties, both weaker and stronger than 
multiplicativity, which are interesting in their own right. We remark that 
our results also provide a new example of how quantales can be models of 
generalized notions of space (in this case open groupoids), in the spirit of the 
earlier works that relate quantales to C*-algebras [51 \T2\ [T^. 

We shall begin, in section [2], by studying thoroughly a set of simple ax- 
ioms for (not necessarily unital) quantales that we shall refer to as open 
quantal frames. As we shall see, the unital open quantal frames are precisely 
the same as the inverse quantal frames, and the quantales of the form 0{G) 
are precisely the multiplicative open quantal frames. In section [3] we study 
a notion of local bisection for open quantal frames that generalizes the cor- 
responding notion for groupoids, and in section H] we use this notion and 
a corresponding action of local bisections on quantales in order to define a 
weak form of multiplicativity which ensures that the set of local bisections 
of an open quantal frame has the structure of an inverse semigroup. Finally, 
in section O for such a weakly multiplicative quantale Q we study sufficient 
(but not necessary) conditions that ensure its multiplicativity. These con- 
ditions concern the extent to which Q can be embedded into the inverse 
quantal frame C^{r{Q)) that arises as the completion of the inverse semi- 
group r{Q) of local bisections of Q. We finish by studying the groupoids 
G whose quantales 0{G) satisfy the embedding conditions, concluding that 
for any such groupoid there is an epimorphism of groupoids J . G ^ G that 
provides a canonical "etale cover" of G. This is the case, in particular, for 
Lie groupoids. 

Throughout the paper we shall adopt fairly standard terminology and 
notation for quantales, locales, groupoids, etc., mostly staying close to [TB] . 
In particular, we shall often adopt (contrary to what we have done above 
in this introduction) the common convention of writing 0{A) for a locale 
A when it is regarded as an object of the category of frames instead of the 
category of locales. For instance, using this convention we may write 

0{A xB) = 0{A) ® 0{B) , 

where A x B is the product of the locales A and B and 0{A) ® 0{B) is 
their coproduct as frames, which coincides with their tensor product as sup- 
lattices. 
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2 Groupoid quantales 



This section is dedicated to establishing the correspondence between open lo- 
cahc groupoids and multiphcative open quantal frames in a way that directly 
generalizes the correspondence between etale groupoids and inverse quantal 
frames. 

Inverse quantal frames. Let us begin with a brief overview of some of the 
definitions and results of pTB] concerning etale groupoids and inverse quantal 
frames. As mentioned in section [1], for any localic etale groupoid 

n r ^ 

(2.1) G = GiXgoGi ^ ^Gi ^ u - Co 

d 

the sup-lattice 0{Gi) has the structure of a quantale, denoted by 0{G), 
whose multiplication is defined by the following composition: 

O{G,)0OiG,)^OiG,XG,G,)^OiG,) . 

This quantale is involutive with the involution defined by a* = i\{a), and it 
is unital with e = u\{1go) — other words, the "open subspace" Gq is the 
multiplicative unit of 0{G). In addition, there is a so-called stable support 

<. = modi ■.0{G)^0{G) , 

by which is meant a sup-lattice endomorphism of 0{G) satisfying the follow- 
ing properties: 



(2.2) 


^(a) 


< 


e , 


(2.3) 


^(a) 


< 


aa* , 


(2.4) 


a 


< 


q{a)a , 


(2.5) 






,{a,{h)) 



Conditions (I2.2I) - (I2.4I) define a support, and the adjective "stable" means 
that (23]) holds. 

An important consequence of these properties is that the restriction of 
q to the lattice R((9(G')) of right-sided elements of 0{G) defines an order 
isomorphism R((9(G')) |e, whose inverse is defined by multiplication by 
1 = ^o{G) on the right: h ^ hi. In particular, both |e and R(C((j')) are 
frames, and we obtain the following order isomorphisms: 

(2.6) 0{Go) = ie ^ R(0(G')) . 
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Finally, the elements s G 0{G) such that ss* < e and s*s < e are called 
partial units. They have an obvious correspondence with the local bisections 
of G, which are the local sections s : U ^ Gi of d, with U an open sublocale 
of Go, such that r o s : U — >■ Go is an open regular monomorphism of locales: 
a partial unit corresponds to the image of s, which is an open sublocale of 
Gi (cf. section [2]). The set of all the partial units of 0{G) is denoted by 
X(C(G)) and it has the structure of a complete and infinitely distributive 
inverse semigroup, which we abbreviate to abstract complete pseudogroup 
(ACP), and it covers Gi: 

(2.7) \lAO{G)) = 1 . 

In other words, 0{G) is an instance of the following definition: 

Definition 2.8 ([16j) By an inverse quantal frame Q is meant a frame which 
is equipped with the additional structure of a unital involutive quantale (i.e., 
a unital involutive quantal frame) such that \/ X[Q) = 1, and for which there 
is a (necessarily stable and unique) support. 

Every inverse quantal frame is isomorphic to one of the form 0{G), for 
a unique (up to isomorphism) etale groupoid G. Let us briefly describe a 
specific construction of an etale groupoid G = Q{Q) from an inverse quantal 
frame Q. The locale of units Go is defined by the condition 

(2.9) 0(Go) = ie 
and, of course, we put 

(2.10) 0(Gi) = Q . 

The involution is given by ii{a) = i*{a) = a*, the domain and range maps 
d, r : Gi — ^ Go are defined by the conditions d\{a) = <j(a) and r\{a) = ^(a*), 
or d*{b) = hi and r*{b) = lb, and the inclusion of units -u : Go — Gi is defined 
by u\{b) = b, or u*{a) = aAe. Most of what is left has already been described 
in section [H In particular, Q is a |e-|e-bimodule under multiplication on 
both sides, and the multiplication of Q factors (due to associativity) in the 
category of sup-lattices as 

(2.11) g®Q — ^Q(^^^Q^Q . 

It is then crucial (and nontrivial) that the right adjoint /i* preserves joins, a 
property that is referred to as multiplicativity of Q. This means that /i^, is a 
frame homomorphism, and the multiplication of the groupoid 

m : Gi Gi ^ Gi 

is defined by the condition m* = fi^. 
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Balanced quantal frames. If the localic groupoid G of fl2.ip is open but 
not etale we still have an involutive quantale 0{G) as above, but this quan- 
tale is no longer unital (equivalently, the map u is not open), and we cannot 
identify 0{Gq) with a subquantale of 0{G). However, there is still an isomor- 
phism 0{Gq) = R(0((j')), and this suggests an alternative way of defining Go 
in terms of 0{G) (of course, we could use the left side L(C((j)) instead). We 
shall use this fact as a motivation for the characterization of the quantales 
of the form 0{G) whose study we now begin. 

From now on let Q be an arbitrary but fixed involutive quantal frame. 
We shall denote by 5 the frame inclusion R((5) — >■ Q and by 7 the restriction 
of the involution map (— )* : R((5) — > Q (another frame homomorphism) . 
Associated to Q there is an obvious involutive localic graph 

n r ^ 

(2.12) G = Gi ^Go , 

d ^ 

defined by the conditions C(Gi) = Q, O(G'o) = R(Q), d* = S, r* = 7, and 
i*{a) = a* for all a & Q. Saying that G is involutive means simply that 
^ o i = id and d o i = r (and r o i = d). 

Regarding R{Q) as a subframe of Q (rather than a subquantale), we 
define on Q the structure of an R(Q)-R((5)-bimodule whose left and right 
action are given by, for a ^ Q and z G R((5), 

(2.13) z ■ a = a A z , 

(2.14) a-z = aAz* . 

Lemma 2.15 The frame pushout of and 6 

Q ®R(Q) Q ^ Q 

ti 5 

^ R(Q) 

coincides with the tensor product (5®r(q) Q of Q with itself under the R{Q)- 
R{Q)-bimodule structure defined in /i2.13\) and ^2.14^ . 

Proof. The frame Q ®r{q) Q is a quotient of the coproduct Q <S) Q, which 
coincides with the tensor product of sup-lattices. The quotient is defined by 
the condition 

Z* 01 = ^1(7(2:)) = t2iS{z)) = 10Z 
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for z e R((5)- Stabilizing under meets, we get, for a,b & Q, 



{aAz*)®b = a®{bAz) 




Definition 2.16 We say that Q is balanced if 



6(al Ac) = (6 A la*)c 



for all a,b,c E Q. 

[It suffices to impose b{al Ac) < {b A la*)c for all a,b,c e Q, due to the 
involution.] 

Lemma 2.17 If Q is balanced and R{Q) = Ql, the quantale multiplication 
jji : Q®Q ^ Q has the following factorisation in the category of sup-lattices, 
where we denote by tt the frame surjection Q <S> Q ^ Q <S>r{q) Q ' 



Proof. First we use the fact that R{Q) = Ql in order to write every z e R{Q) 
in the form 2; = cl for c e By definition the multiplication fi : Q<S)Q ^ Q 
preserves joins in each variable, and furthermore it is "middle-linear" because, 
since Q is balanced, we have 

//(a (g) (cl • b)) = a(cl A 6) = (a A lc*)6 = yu((a • cl) (g) b) 

for all a,b,c E Q. The factorization follows from the definition of the tensor 
product. I 

Henceforth we shall use the following terminology: 
Definition 2.18 If Q is balanced, we refer to the homomorphism 



in the above factorization as the reduced multiplication of Q. By a mul- 
tiplicative quantal frame is meant a balanced quantal frame such that the 
right adjoint of the reduced multiplication preserves joins. 




1^0 ■ Q ®R(Q) Q 
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Remark 2.19 Warning: this notation is at odds with the notation that was 
used above and in [12] for inverse quantal frames, since the multiphcation 
/io, which is now being called reduced, was previously denoted by /i. 

It is immediate that if Q is multiplicative the localic graph of fl2.12p is 
equipped with a multiplication m, 

i 



(2.20) G = G2 -Gi ^Go , 

d ^ 

where G2 is the puUback of d and r and m is defined as follows: 

(2.21) m*{a) = (^o)*(a) = V 

xy<a 

It is straightforward to verify the following: 

Lemma 2.22 Let Q be a multiplicative quantal frame. The multiplication 
of the graph G is associative and i is an involution for it. 

Proof. The proof of associativity is entirely analogous to the proof of asso- 
ciativity in [161 Th. 4.8]. Saying that i is an involution for m means that it 
satisfies 

(2.23) i o m = mo X 

where x • — * 6*2 is the isomorphism (i o 7r2, i o tti), whose direct image is 
given by xi{0'®b) = b*^a*; and condition (12.231) follows from {iom)\{a^b) = 
(ab)* = b*a* = {mox)\{a®b). I 

In fact, adding the mild condition R{Q) = Ql we obtain: 

Theorem 2.24 Let Q be a multiplicative quantal frame such that R((5) = 
Ql. The graph G is an involutive semicategory (i.e., an involutive "category 
without units"). 

Proof. All there is left to do is to prove that the following diagrams are 
commutative. 

(2.25) G2^^Gi G2^^Gi 

m d m r 

Gi — Go Gi — Go 
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We verify the equation d o m — d o tti using inverse image homomorphisms. 
Indeed, for all z = al e R{Q) we see that 7r*(d*(al)) = al (8) 1 < m*{d*{al)) 
by taking x — al and y — 1 in 

m*{d*{al)) = \J x®y , 

xy<al 

and the converse inequality is proved as follows: 

m*(d*(al)) = \J x0y^ \J x yl ^ \J x®(ylAl) 

xy<.al xyl<al xyl<.al 

= Y {xMy*)®l< y (xAly*)!®! 

xyl<al xyl<al 

= Y x(lAyl)(g)l= Y xyl (8)1 

xyl<al xyl<al 

< al®l = 7ri*(rf*(al)) . 

The condition r o m — r o ^2 is proved analogously. I 

Note that this proof did not use multiplicativity so that in fact the fol- 
lowing slightly more general fact holds: 

Corollary 2.26 Let Q be a balanced quantal frame satisfying R((5) = Ql- 
Both (//o)* ° d* and (//o)* ° f* CLre frame homomorphisms and we have the 
equalities 

(2.27) (yuo)* od* ^ TTi* o d* {iiq), o r* = tt^ o r* . 



Open quantal frames. We have seen that a multiplicative quantal frame 
Q (at least one satisfying the mild condition R((5) = Ql) defines much of 
the structure which is necessary in order to obtain a localic groupoid G, but 
a crucial ingredient is missing, namely the inclusion of units u : Gq ^ Gi. 
We address this now. 

Let (5 be a balanced quantal frame and let us consider the map v : Q ^ Q 
given by 

^^(«) = V ^'^y ■ 

xy*<a 

As we shall see later, this is intended to play the role of it* : Gi — > Gq, but 
for now we begin with a useful technical observation: 
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Lemma 2.28 For all a G Q we have: 

(2.29) v{a) = y X , 

xx*<a 

(2.30) v{a*) = v{a) . 

Proof. We first show that v{a) < Vxx-<a Indeed V^r <a xAy< Vxx-<a 
for xy* < a implies that (x Ay){x A y)* < a and hence x Ay < Vxx*<a'^- 
Now, for the other inequality, we have 

\J x < \J X A X < \J X Ay , 

xx*<a xx*<a xy*<a 

which proves fl2.29p . And fl2.30p is an obvious corollary, since xx* < a is 
equivalent to xx* < a*. I 

Note that we have: 

Lemma 2.31 v preserves finite meets. 

Proof. It is obvious, by the definition of v, that v is monotone, and this 
gives us the inequality v{a A b) < v{a) A v{b). For the other inequality. 



f (a) A v{b) = 




V ^ 

XX* < a 

yy* < b 



but since for x and y such that xx* < a and yy* < 6 we have 

{x Ay){x A y)* = {x A y){x* A y*) < xx* Ayy* < a Ah 

we get, using 12. 28[ v{a) A v{b) < v{a A b). I 

Also, obviously: 

Lemma 2.32 If Q is multiplicative then v = [idQ,i*] o (//q)*- 

Note that, although for multiplicative Q the map t; is a frame homomor- 
phism, it does not yet produce the desired splitting u : Gq ^ Gi of d and r, 
to begin with because the image of v does not necessarily lie in R(Q). We 
include this requirement in the following definition: 
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Definition 2.33 A balanced quantal frame Q is called semiopen if it satisfies 

(2.34) viQ) C R(Q) 

and, in addition, the following property holds for all a & Q: 

(2.35) Y x = a. 

xx*x<a 

If, furthermore, the following condition is satisfied for all a,b,c E Q, 

(2.36) (al A b)c = alAbc, 

Q will be called open. Henceforth we shall usually refer to conditions (12.340 . 
(I2.35p . and fl2.36p . respectively, as properties (R), (U), and (O). We shall 
also say that an involutive quantal frame satisfies (B) ii it is balanced. 

Remark 2.37 Note that (U) implies that we get, for q & Q, 

q < qq*q < ql 

and 

q < qq*q < Iq . 

To see this, take a = qq*q in (U). We obtain, making x = q, q < qq*q. Also, 

R(Q) = Ql , 

for if 2; G R(Q) then zl < z and, since zl > z, we obtain z = zl. In particu- 
lar, we remark that an involutive quantal frame satisfying (U) is necessarily 
a Gelfand quantale because for z G R{Q) we have 

z = zl < zz*zl = zz*z < zl = z . 

Example 2.38 The axiom (R) is independent of (B) and (U), as the fol- 
lowing example shows. Consider the commutative involutive quantal frame 
Q = V{X) for X = {a, b} with the trivial involution and multiplication 
generated by 

{ay = {a}, {by = {b}, {a}{b} = {b}{a} = X . 
It is easy to verify that Q satisfies (B) (and (O)) and (U) but not (R) because 

IJ 14/ 1 X = {a}X = Xj^{a}= [j W . 

WWc{a} J WWc{a} 
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Example 2.39 Axiom (U) is in turn independent, for consider again the 
quantale Q of the previous example but with involution given by 

^{{a}) = {b},^{{b}) = {a}. 

Then Q continues to satisfy (B) (and (O)), and also (R) because in this case 

v{{a}) = v{{b}) = iI},v{X) = X , 

but not (U) because 

U W = (Dj^{a}. 

WW*Wc{a} 

Example 2.40 Finally, (U) and (O) can be separated even if both (B) and 
(R) hold because, as we shall see, if G is a localic groupoid whose multiplica- 
tion map is semiopen but not open the quantale 0{G) is semiopen but not 
open, whereas if G is an open groupoid the quantale 0{G) is open. 

Lemma 2.41 Let Q satisfy (U). Then v{z) = z for all z G R(Q). 

Proof. Let z G R(Q). We have v{z) < z because if xx* < zl = z then 
X < xx*l < zll = z (cf. 12.371) . Also we have v{z^ > z because 

zz* = zlz* < zl . I 

Remark 2.42 Hence, for Q semiopen v is surjective onto R(Q), since R{Q) = 
Ql. 

Lemma 2.43 For Q satisfying (U) we have t; o 7 = idR(Q). 

Proof. Let z G R((5)- Then v{'j{z)) = v{lz*) > zl = v{zl) because zz* = 
zlz* < Iz*. On the other hand, v{lz*) < zl = v{zl) because xx* < Iz* 
implies that xx* < zl and xx*l < zl. Hence, x < xx*x < xx*l < zl. I 

The following lemma will be important: 
Lemma 2.44 (U) holds if and only if for all a ^ Q we have 

\J \J p Aq Ay = \J v{x) Ay = a . 

xy<a pq*<x xy<a 

[Later we shall sometimes use the above alternative form for the axiom (U).] 
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Proof. Indeed, xy < a and pq* < x implies that 

{p A q A y){p A q A y)*{j> Aq Ay) < pq*y < xy < a 

and, hence, 

\J y pAqAy< \J x. 

xy<a pq*<x xx*x<a 

For the other inequahty let w be such that ww*w < a. Then the particular 
instance y = w, x = ww*, p = q = w gives us 

w = wAwAw< \J \J p A q Ay , 

xy<a pq*<x 

and taking the supremum of such w's we get: 

y w < y y pAqAy. 

ww*w<a xy<a pq*<x 

Hence, 

y X = y y p^q^y, 

xx*x<a xy<a pq*<x 

and the lemma follows. I 

Lemma 2.45 Let Q be an open quantal frame. Then for all a,b ^ Q we 
have 

v{a) < al < v{aa*) 

and 

v{a) Ah < ah . 

Proof. Since a < v{aa*) and v{aa*) G R((5) we obtain al < v{aa*). We 
have v{a) Ah < \l pq<ab^iP) A g = a6 using (U). Hence, we also obtain 
v{a) = v{a) A 1 < al. I 

Lemma 2.46 If Q is a semiopen quantal frame the maps d and r of the 
associated graph h2. 

i 

D r ^ 

G = Gi Go ) 

d ^ 

are semiopen (i.e., d* and r* have left adjoints d\ and r\) and the direct image 
homomorphisms are defined by, for all a ^ Q, 

d\{a) = al , 
r\{a) = a*l . 

In addition, if Q is open then so are d and r. 
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Proof. Let Q be semiopen and let z G R{Q). We have dt o d*{z) = zl = z 
and d* o ^1(0) = al > a, whence d\ H d*. Also, ri H r* because we have 
ri o r*(2;) = z**l = zl = z and r* o r\{a) = (a*l)* = la > a. It is easy to see 
that if in addition Q satisfies (O) then d and r are open, for the Frobenius 
reciprocity condition holds: for all a G Q and all z G R(Q) we have 

di{d*{z) Aa) = {z A a)l = {zl A a)l = 2:1 A al = 2; A di{a) . I 

Quanta! groupoids. Recall that by a quantal groupoid [TB| is meant a 
localic groupoid G whose multiplication map is semiopen — in other words, 
such that the associated quantale 0{G) is defined [161 Th. 5.2]. 

Now we shall see that every multiplicative semiopen (resp. open) quantal 
frame Q has an associated quantal (resp. open) groupoid Q{Q) and, con- 
versely, that the associated quantale 0{G) of a quantal (resp. open) groupoid 
G is necessarily a multiplicative semiopen (resp. open) quantal frame. 

Theorem 2.47 Let Q he a multiplicative semiopen quantal frame, and let G 
he its associated involutive localic graph, as in ^2. 2(J\) . 

i 



G2 ^ Gi < " ^ Go , 

d 

where the map u : Gq ^ Gi is defined hy u* = v. Then G is a quantal 
groupoid. Furthermore, if Q is open G is an open groupoid. 

Proof. First, u is well defined because multiplicativity makes v equal the 
frame homomorphism [idQ,^*] o (/io)* (cf. 12.321) . and its domain is indeed Gq 
because Q is semiopen and thus the image of v is R(Q). Since semiopen 
quantal frames satisfy R(Q) = Ql (cf. 12.371) we conclude, bv l2.24[ that G is 
an involutive semicategory, and the remaining properties to be checked are 
those that relate to the unit map u : Gq ^ Gi. First, we note that the 
following properties of a refiexive graph hold: 

• do u = idco holds due to I2.41|: 

• r o u = idco holds due to 12.431 

Now we prove the unit laws of an internal category, as illustrated by the 
following commutative diagram: 



^0 ^Go "-^1 Go Go 



(2.48) 



(d,id) 



{id,r> 



Gi Gi Gi 
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The commutativity of the left hand square can be proved in terms of inverse 
images. For all a G Q we have, using [5311 



d) I y x(g)y] 

\xy<a / 



[(i*,id] o (u* (g) id) o m*(a) = [d* , id] o {u* i 

= \J u*{x) Ay = a . 

xy<a 

The commutativity of the right hand square follows from the left one using 
the involution laws doi = r and ioi = id together with fl2.23p and iou = u 
[the latter is a consequence of (12.301) ]: 

m o (id X It) o (id, r) = m o (id, uor) = m o {i o i^i o u o d o i) 

= mo [i X i) o (id, u o d) o i = m o x o {u o d, id) o i 
= i o m o (^u o d,id) o i = i o id o i = id . 

Finally, in order to see that G is a groupoid we prove that the involution 
i satisfies the inverse laws described by the commutativity of the following 
diagram: 

(id,i) (i,id) 

Ui — 

(2.49) 




Again it is straightforward to see that the inverse laws make the commuta- 
tivity of the two squares equivalent, so we prove only the commutativity of 
the left square, using inverse image homomorphisms: for all a G Q we have 



[id, i*] o m*(a) 



[id, 2] i\/x®y] 

\xy<a / 

= \/xAy*=\/xAy 

xy<a xy*<a 

= u*{a) = d*{u*{a)) , 

where the last step follows from the condition that u*{a) is right-sided and 
d* is just the inclusion of R(Q) into Q. Hence, G is a groupoid, and it is 
semiopen because m* has the left adjoint /xq- If Q is open then d is open, by 
12.46^ and thus G is open. I 

Definition 2.50 Given a multiplicative semiopen quantal frame Q, we de- 
note its associated quantal groupoid by G{Q). 
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Now let us show that from quantal (resp. open) groupoids one obtains 
semiopen (resp. open) quantal frames. 

Theorem 2.51 Let G be a quantal groupoid. Then its associated quantale 
0{G) is a semiopen quantal frame, and it is multiplicative. Furthermore, if 
G is open so is 0{G). 

Proof. From [16, Lemma 5.4] we obtain v = d* o u* and from [TF[ Lemma 
5.3] it follows that v{a) is right-sided for all a G 0{Go). Hence, axiom (R) 
holds. Furthermore, the unit law mo [uo d, id) = id of the groupoid gives us 

a = [t;, id] o m* (a) = [f , id] j \J x ® y \ = \J v{x) Ay , 

\xy<a / xy<a 

and thus, by 12.441 (U) holds. Now in order to see that 0{G) is semiopen 
it we must show that 0{G) satisfies (B). The frame 0{Gi Xqq Gi) is the 
pushout of d* and r* and thus it satisfies the equation 

(a A 4(c)) ® 6 = a (g) (r*(c) A h) 

for all a,b E 0(Gi) and all c G 0{Go). In particular, taking c = u*{zl) 
for some z G 0{G) and recalling from 12.411 that v{zl) = zl we obtain 
d*{u*{zl)) = zl and r*{u*{zl)) = Iz* and, hence, (B) holds: 

(a A zl)b = m!((a A zl) (g) 6) =m\{aiS) {Iz* A b)) = a{lz* A b) . 

The multiplicativity of 0{G) is obvious, of course, because (/io)* is the frame 
homomorphism m*. Now suppose furthermore that G is an open groupoid 
and let us show that 0{G) is an open quantal frame; that is, we must show 
that (al A b)c equals al A be for all a,b,c E 0{G). First, since tt* = g (g 1 for 
all q G 0{G), we have 

(2.52) {alAb)c = mi{{al A b) c) = mi{{al A b) {1 A c)) 

(2.53) = mi{al 1 A b c) = m\{nl{al) A b IS) c) . 

Now notice that the following is a pullback diagram because G is a groupoid 
rather than just a category: 

(2.54) rn d . 

Gi — Go 
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Hence, m is open and the Beck-Chevalley condition gives us 



mi o TTi* = d* o d\ . 



Equivalently, since vrj'(a) = a ® 1, this states that 



(2.55) 



al = d*{d\{a)) 



for all a E 0{G). Then by fICTD we get 



<(al) 



7r*(d*(d!(a))) 



m* (a))) 



m*(al) , 



and thus the right-hand side of fl2.53p equals 



mi{m*{al) Ab® c) = al A mi{b ® c) = al Abe 



where the first equality is the Frobenius reciprocity condition for m. I 

Corollary 2.56 Inverse quantal frames are necessarily open quantal frames. 

It is straightforward to see that O and Q establish a bijective correspon- 
dence, up to isomorphisms, between quantal groupoids and multiplicative 
semiopen quantal frames, and between open groupoids and multiplicative 
open quantal frames. This follows from the following result, whose proof we 
omit: 

Theorem 2.57 Q{Q{G)) = G and Q{G{Q)) = Q for any localic quantal 
groupoid G and multiplicative semiopen quantal frame Q. 

Inverse quantal frames revisited. In order to conclude this section we 
shall show that, regardless of multiplicativity, open quantal frames are good 
non-unital generalizations of inverse quantal frames: 

Theorem 2.58 The class of unital open quantal frames coincides with the 
class of inverse quantal frames. 

Proof. Inverse quantal frames are necessarily open, as already stated in l2.56[ 
In order to see the converse, consider an open quantal frame Q with unit e. 
Since a < al, using (O) we obtain a = al A a = al A ea = {al A e)a. Hence, 
the sup-lattice endomorphism defined on Q by q{a) = al A e satisfies two 
of the axioms, f|2.2p and (12. 4p . of a support: 



q{a) < e 



and 



<^(a)a < a . 
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Now note that from the definition of v we obtain (make x = y = a) 
v{aa*) = \J xAy>aAa = a, 

xy<aa* 

and thus al < v{aa*) because by (R) v{aa*) is right-sided. Hence, using [2^441 
we obtain (make x = aa* and y = e) 

aa* = \J v{x) Ay > v{aa*) A e > al A e , 

X3/<aa* 

which gives us the remaining axiom, (12.31) . of a support: 

<^(a) < aa* . 

To conclude, in order to show that Q is an inverse quantal frame we need 
only show that 1 = \/X{Q). Due to the involution and the fact that v{a) is 
right-sided we see, using [TBI Lemma 4.18], that this condition is equivalent 
to a A e < v{a). And this is easily seen to be true if we make x = a and 
y = e in the definition of f . I 

3 Local bisections 

As we have mentioned in the introduction, there is loss of information, in 
general, in the passage from an open groupoid G to its inverse semigroup 
r{G) of local bisections, whereas, as we have seen in the previous section, 
the quantale 0{G) allows us to fully recover the groupoid G. However, the 
characterization of the quantales of the form 0{G) relies on the cumbersome 
multiplicativity axiom that in the case of etale groupoids is not needed, and 
this prompts us into seeking a friendlier replacement, or at least approxi- 
mation, for this axiom. As we shall see, r{G) plays an important role in 
this, and hence we begin by examining the local bisections of open localic 
groupoids and the extent to which they can be defined for arbitrary open 
quantal frames. 

Local bisections of open quantal frames. Throughout this section, Q 
denotes an arbitrary but fixed open quantal frame, and we retain the notation 
d, r, and i of the previous section for the structure maps of its associated 
involutive localic graph, and in those cases where v is preserves joins we write 
u for the map of locales defined by u* = v. We recall that this happens, for 
instance, when Q is assumed to be multiplicative, in which case we denote 
the multiplication of the associated groupoid by m. 
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We shall often denote the elements of R{Q) by roman capitals U, V, etc., 
thinking of them metaphorically as the open sets of a space Gq. We shall 
also write U for lU fl R((5) (both for the object in the category of locales 
and in the category of frames — that is, without using the O notation), and 
we write ku '■ U ^ R-IQ) for the inclusion of the open sublocale U into R(Q), 
for any U E R(Q). Hence, klj{V) = VAU for all V e R{Q). 

Definition 3.1 By a local bisection of Q is meant a pair ([/, s), where U e 
R(g) and 

s:U^Q 

is a map of locales such that: 

1. d o s — ku {s is a local section of d); 

2. r o s is an open regular monomorphism of locales. 

The second condition is equivalent to imposing that the standard (epi, regular 
mono)-factorisation of r o s is given by 

r o s — ky o a 

for an isomorphism of locales a : U ^ V, where V G R(Q) is the image of 
r o s in R{Q). Then the map t = s o a^^ : y — > Q is a local section of r, for 

r o s o a"^ — kv o ao — ky ■ 

Of course, local bisections could have equally been defined in terms of t 
rather than s. We shall use the following terminology, where the notation is 
the same as above: 

Definition 3.2 Let a = {U, s) be a local bisection of Q. 

• U is the domain of cr; 

• V is the codomain of cr; 

• s is the d-section of a, or the domain section; 

• t is the r -section oi a, or the codomain section; 

• Q! is the action of a (on R{Q)). 

When there is ambiguity we shall denote U, s, a, etc., by C/g., So-, cKo-, etc. 
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It will be useful to keep in mind straightforward formulas such as the 
following. 

Lemma 3.3 Let (s, U) be a local bisection of Q. Then we have 

1. {d o s)*(a) = k^{a) ^aAU for allae R{Q) 

2. (r o s)*(a) = (r o s)*{a AV) ^ a*(a A V) for all a e R(Q) 

3. a* (a) = s*{r*{a)) for all a e V 

4. U^{ros)*{V) = s*(r*(V)) 

5. U ^ {rosy {I) = s*(r*(l)) 

6. U^a*{V) 

7. V^a,XU) 

8. {ros),{U). 

Proof. Property 1 follows from the condition of the definition 

do s — ku 

and 2 follows from 

r o s = ky o a 

because (r o s)*{a AV) = a*{kv*{a A V)) = a*{a AV). Property 3 follows 
directly from 2. Properties 4-8^ follow^ from 2 and the fact that a is an 
isomorphism of locales between U and V. I 

Also we have their "codomain-duals" , which we state without proof: 

Lemma 3.4 Let {s, U) be a local bisection of Q. Then we have 

1. (r o ty{a) = k^{a) = a AV for all a e R(Q) 

2. {doty (a) = {doty{aAU) = (a-^)*(aA[/) - ai{aAU) for allae R{Q) 

3. ai{a) = t*{d*{a)) for all a e U 

4. V = {doty{u) = t*{d*{u)) 

5. V ^ {doty{l) ^t*{d*{l)) 

6. U^{dot)i{V). 
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Taking into account the specific formulas d*{a) — a and r*{a) — a* for 
a e R{Q) we further obtain: 

Lemma 3.5 Let (s, U) be a local bisection ofQ. Then we have the following 

1. s*{a) = k*u{a) ^ a AU for all a e R(Q) 

2. U^s*{V*) 

3. U = s*{l) 

I s*{x) = s*{x) AU^ s*{x A V*) for all x e Q 

5. a* {a) = s*(a*) for all a e V 

6. t*{a*) = kl.{a) ^ a AV for all a e R{Q) 

7. V^t*(U) 

8. V = t*{l) 

9. t*{x) = t*{x) AV ^t*{x AU) for all x e Q 

10. a\{a) = t*{a) for all a eU. 

Lemma 3.6 If cr = [U, s) is a local bisection then so is = {V,i ot), and 
we have a„-i = a~^. Hence, in terms of frame homomorphisms we have 

<-,(a) = C(«*) 

for all a & Q. 

Proof. We have doiot = rot = ky- Also roiot = dot = doso = 
kjj o a~^. Hence r o i o t is a regular monomorphism of locales, since is 
an isomorphism. I 

We shall write a"^ with the above meaning from here on. 

Example 3.7 In those cases where v preserves joins an obvious example of 
local bisection is e = {u, 1). Then we have — — u and — idR(Q), and 
the inverse coincides with e. 

Definition 3.8 We shall denote by r{Q) the set of local bisections of Q. 
(Later we shall give conditions for this to be an inverse semigroup with 
inverse operation (— and multiplicative unit e.) 
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Local bisections of open groupoids. We shall continue to denote by Q 
an arbitrary but fixed open quantal frame, but now we further require it to 
be multiplicative. As we shall see, in this case there is also a multiplication 
of local bisections whose geometric meaning is the usual one for groupoids, 
namely the "arrows in the image of are composed with the arrows in the 
image of s,-" . 

Definition 3.9 Let a and r be local bisections of Q. We define their product 
ar = {U„T, s„t) as follows: 

1. U,, = A V,) = s%{r*{U,)) = 

2. Scrr — mo {scr o o where l : U^t — ^ is the open inclusion of the 
locale Uar into Ua- and /3 : Uar — Ur is the puUback of ky^ oa^ — ros^ 
along ku^: 

U7r ^Ur 

r- 

Ua — 7^ m) ■ 

We remark that the pairing in the definition of s^t arises from the defi- 
nition of Q <S>R{Q) Q as a puUback of d and r in the category of locales; that 
is, the pairing is well defined as a map C/^t Q ®r(Q) Q because 

r o o i = ku^ o(5 = dosT-o(5. 
Lemma 3.10 (C/o-t, s^t) in the above definition is a local bisection. 

Proof. We verify that r o s^t is an open regular monomorphism. Since 
r o m = r o 7r2, we have 

r O Sar — r O TO O (Sa O i, Sr O /3) 
= r O 772 O {Sa O i, Sr O P) 
— r O St O P . 

Open regular monomorphisms of locales are stable under puUback and thus 
P is an open regular monomorphism because r o s^. is. Moreover, r o is an 
open regular monomorphism and thus r o Sar is the composition of two open 
regular monomorphisms. I 
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Remark 3.11 l' o a^r = o where l' is the inclusion l' : K-^ — > Vr- 
Indeed, since 

kv„^ o a^T = r o s„r = r o Sr o (3 = ky^ <=> o^t ° P 

and ky^^ = ky^ o l\ we get our result because ky^^ is mono. 

In terms of its inverse image, (3 has the following simple alternative defi- 
nitions: 

Lemma 3.12 (3*{a) = s;(r*(a)) = s;(a*) = <(a A K) for all aeUr. 

Proof. The diagram that defines (3 yields the following condition in terms 
of frame homomorphisms, for all a G Ii{Q): 

U^r A (r o s„y{a) = f3*{a A Ur) ■ 

Hence, for a ^ Ur obtain 

P*{a) = (3\aAUr) = U^rAiros^Tia) = (ro.v)*(f/,)A(ros,)*(a) = (ros,)*(a) , 
The rest follows from the general relations involving a* and a*. I 



We have the following straightforward "t- version" of the definition 13.91 of 
product of local bisections: 

Lemma 3.13 Let a and t be local bisections. Then 

tar = mo {t„ O tr O t') , 

where l' : V^t ^ Vr is the restriction and f3' : V^t is the pullback, in 

the category of locales, of do tr along ky^ as in the diagram: 

^ 13' ^ 

V^r 

f 

K — ^R(^)- 

The following propositions state useful technical properties of the product 
of local bisections. 

Lemma 3.14 (crr)^^ = t^^o^^ for all local bisections a and r. 
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Proof. It is easy to see that f/(o-T)-i = ^r-io-i: 

t/(<xr)-i = v^r = K{d*{v,)) = t;{v^) 

= sU{v:) = sU{u:-.) = Ur-^,-.. 

Also, we have 

= i o mo o o /,') 

= mo {io tfj-i o i\io t^-i o (3') . 

And, using [16^ Prop. 2.3], the latter equals mo (so-ot', SrO j3') = s^t because 
in this case we have obviously P' = /3 and l' = l. I 

Lemma 3.15 Let a and r be local bisections. For all a E 11^ we have 
<,(a*) = <«(a*)*). 

Proof. This follows immediately from one of the above formulas for f3* and 
from the proof of I3.10[ where we have seen that r o So-t = r o Sr o (3. I 

We shall not prove further properties of r{Q) now, since these will follow 
from the results at the end of this section in the more general setting of 
arbitrary open quantal frames. For now we shall just obtain formulas for Sg-r 
in terms of its inverse image, which will be needed later: 

Lemma 3.16 For all a E Q: 

(3.17) C(a) = <( V ^^^*Wy)) 

\xy<a 

(3.18) = V ^^<iyy 

\xy<a 

(3.19) = V <(x)Aa:(4(2/)AK) 

xy<a 

Proof. The inverse image of s^-r is s* ^ = [l* o s*, (3* o s*] o m* . For each 
X ® y E Q ®K(Q) Q the copairing acts as follows: 

[i* os:,P*o s;]{x ®y) = {i* o s:){x) A iP* o sDiv) 

and from the previous propositions it is straightforward to see that this co- 
incides with the following three expressions: 

4(x A r*(4(2/))) = s:ixA slivY) = 4(x) A a*Miy) A K) . 

The rest follows from the formula for m* as the right adjoint of /iq: 

m*{a) = \J X ® y . I 

xy<a 
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Local bisections of inverse quanta! frames. Now let Q be an inverse 
quantal frame. As already mentioned in section [2], the partial units of Q cor- 
respond bijectively with the local bisections of its associated etale groupoid 
Q{Q)-, hence with the local bisections of Q. Let us make this correspondence, 
which is well known and obvious for topological etale groupoids, explicit in 
the case of localic etale groupoids, in particular showing that, as expected, 
there is an isomorphism of inverse semigroups 1{Q) = r{Q). 

Lemma 3.20 There is a homomorphism of involutive monoids 

i ■■ r{Q) ^ Q 

defined by (s, U) ^— s\{U). 

Proof. The local bisections of Q are the local bisections of the etale groupoid 
Q{Q), which are local sections of the local homeomorphism d and thus are 
open. Hence, there is a map 

? : r{Q) ^ Q 

defined by ^{s,U) = s\{U). Let us prove that ^ is a homomorphism of 
involutive monoids. Using the definition of f3 we obtain: 

But, since Ua-r = Sa-*ir*{Ur)), we have 

sAUar) = sAs^*{r*{Ur))) < r* (Ur) = T* (d, S,, ([/^ ) 

and 

Sr\l3\{Ua-r) < d* O d\Sr\l3\{Ua-r) = d* O r\ O Sc\i\{U^r) 
= d* O r\ O Sa\{Ua) ■ 

Furthermore, 

SaliU^r) = S^U^) Ar*{dlSrl{Ur)) 
= sAU^)Al{Srl{Ur)r , 

because since So- is open we can use the Frobenius condition for s„ to obtain 
s^U^) A r*{Ur) = s^U^ A s:{r*{Ur))) = sAs:{r*{Ur))) = s^U^r) 
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and 

S-j-lPliUa-T) — S.r\{Ur) A d* O r\ O Sa-\{Ua-) 
= S,!(C/,)A(S,!([/,))*1, 

using analogously (5\{UaT) — ■Sr(^*(^)) — s%d*{r\Sa\{Ua))- Hence, using (B) 
we get 

= (s^liU^) A l{Srl{Ur)y A l{s,,{U,)))Sr,.{Ur) , 

and, using (B) again, this equals 

{s^^XUa) Al{Srl{Ur)y)SriUr) = S^, ( t/,) (s,, ( t/,) 1 A S^l (t/^ ) 

= Sa]{U^)Sr]{Ur) . 

Finally, ^ is involutive because 

^((7-1) = s^-u{V)^iiot^,{V)^iios^ioar\V) 

Theorem 3.21 The homomorphism ^ : r{Q) Q restricts to an isomor- 
phism of involutive monoids r{Q) —>■ T{Q). 

Proof. Letting a be a partial Tinit of Q, we obtain a local bisection as follows. 
First we remark that the restriction of the support to [a defines a frame 
isomorphism <,a '■ W ^ for if 6 < q{a) wc have <^(6a) = <^(6<r(a)) = 

and if a; < a we have <i{x)a = x, hence showing that the monotone map 
i^{a) — > J, a given by 6 i— > 6a is the inverse of Then we obtain a map of 
locales s : [/ — > Q by defining U — <i{a)l and s*{x) — <;{x A a)l. (That is, s* 
is the composition 

Q ^ ia ^ U(a) ^ u 

of frame homomorphisms.) It is straightforward to verify that the pair {s,U) 
thus obtained is a local bisection, and thus we have obtained a map 

C : I{Q) ^ r{Q) . 

Now it is also straightforward to verify that the image of ^ lies in I{Q) and 
that is inverse to ^. I 
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Back to general open quantal frames. Now let us drop multiplicativity 
and again assume that Q is just an arbitrary open quantal frame. We no 
longer have the maps u or m but we can still write the expressions fl3.17p - 
dalH]) for si,: 

Lemma 3.22 Let a and r be local bisections of Q, and define the function 

f:Q^Q 

by 

(3.23) f{a)= V slixAsliyy). 

xy<a 

1. For all a G R(Q) we have 

(3.24) /(a*) > s*M{ay) . 

2. f preserves binary meets. 

3. If f preserves joins then it is the inverse image homomorphism of a 
locale map w -.W Q where W is given by the formula 

W = s:{r*{Ur)) = s:{U;). 

In this case we can define a local bisection ar by s*^ = / and U„r = W. 

Proof. If a G R(Q) we have, since Q is open, a = al, whence a* = la*. 
Letting x = 1 and y = a* we have xy < a and therefore we obtain 



/(a*)>4(lA4(a*)*) = 4(4(a-- 

In order to see that / preserves binary meets we remark that f{a A b) < 
f{a) A f{b) because / is monotone, and, for the converse inequality. 



f{a)Af{b) = V slix A sliyY) A sliz A sliwY) 

xy < a 
zw < b 

= V slixAzAs*{yAwy) 



xy < a 
zw < b 



< 



V slixAzAsliyAwY) 



{x A z){y A w) < a 
(x A z){y A w) < b 

V 4(^A4(y)^ 

xy<aAb 

fiaAb) . 
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Also, 

/(I) = V slix A sliy)*) = 4(1 A <(1)*) = sliU;) = W , 

xy<l 

and thus if / preserves joins it defines a locale map 

w.W 

by w* = f. By 13. 161 we have f = [l* o s* , (3* o s*] o (/lo)*. Then using 12.261 we 
get 

f od* = [i* o si, p* o s*] o (/io)^ o = i* o o = i* o A;^^ = klj^^ , 

and thus do w = kjj^^. Also, 

/ o r* = o s;, /3* o o (/io). o r* = /3* o < o r* = /5* o < o fc^,^ , 

and thus / or* is the frame homomorphism that determines the open regular 
monomorphism of locales ky^ o o [3. I 

Looking at the proofs of 13.131 and I3.14[ and using the fact that for a 
general open quantal frame we have (/Uo)*(a*) = X/xyKaV* ® S^^ 
following generalization of 13.141 

Lemma 3.25 Let a and r he local bisections such that f , as defined in \3. 22\ 
preserves joins (and thus the product ar is well defined). Then the product 
T~^a~^ is well defined and we have (o"r)~^ = T~^a~^. 

4 Weak multiplicativity 

Now we begin to study the extent to which the local bisections of an open 
quantal frame Q act on Q. Along with this we introduce a condition, called 
weak multiplicativity, which implies that r{Q) has a well defined multiplica- 
tion and therefore is an inverse semigroup. 

Actions of inverse semigroups on quantales. We begin by presenting 
the definition of an involutive action of an inverse semigroup on an involutive 
quantal frame. 
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Definition 4.1 Let S be an inverse semigroup and Q an involutive quantal 
frame. An involutive action of S on Q, or simply an S-action on Q, is a map 

■■.SxQ^Q 

such that, if for all a e Q and s & S we write 

/ —1 * \ * 
a ■ s = [s ■ a ) , 

we have, for all s,t E S and a,b E Q: 

• s ■ (— ) preserves joins; 

• s ■ {t ■ a) — {st) ■ a; 

• a{s • b) — {a • s)b. 

Here are some elementary properties: 

Lemma 4.2 Consider an involutive action of an inverse semigroup S on an 
inverse quantal frame Q. We have, for all s,t & S and a,b & Q: 

• {—)■ s preserves joins; 

• {a ■ s) ■ t = a ■ (st); 

• {a ■ s){t ■ b) ^ {a ■ {st))b = a{{st) ■ b). 

Example 4.3 Let Q be an inverse quantal frame. Then it is clear that we 
have an X((5)-action on Q which is just the restriction of the multiplication 
of Q. Equivalently, there is a /"((5)-action on Q. 

Example 4.4 Let G be an open topological groupoid. A local bisection of 
G is a pair (s, U) consisting of an open set U of Go and a continuous local 
section s : U — > Gi of d such that r o s is injective (this is not the same 
as a local bisection of the quantale C(G) unless G is sober). Similarly to 
localic groupoids, we write t : V ^ Gi for the corresponding local section 
of r, and we denote the inverse semigroup of local bisections of G by r{G). 
Then an involutive action of r{G) on the quantale 0{G) is defined, for all 
a = (s, U) e r{G) and all W e 0{G), by pointwise multiplication: 

a - W = {s{x)y \x eU, y e W, r{s{x)) = d{y)} . 

It is straightforward to verify that all the axioms of a r(G)-action are satis- 
fied. In order to see that for each open set W C Gi the set a • W is indeed 
open consider the map : d~^{V) — > Gi defined by 

Xa{y) = tidiy))y . 

It is easy to see that this is an open map, and thus a • W, which equals 
Xcr{W), is open. 
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Actions of local bisections on open groupoids. Let G be an arbitrary 
but fixed open localic groupoid, and let us write Q = 0{G) for its multiplica- 
tive open quantal frame. Let also a be a local bisection of Q. The notation 
U, V, s, t, and a, with or without subscripts, will be used as before. 
Adapting the definition of the map Ao- of the example in 14.41 we get: 

Definition 4.5 X„ : [V Gi is the map of locales defined by 



where id*{v) is the inclusion of d*(y) into Gi as an open sublocale, and d\v 
is the pullback of d along ky- We call X„ the left action of a on G. 

Definition 4.6 Likewise we define Po- : |?7* — > Gi given by 



which we shall call the right action of a on G, where ir*{u) and r\u have the 
obvious meaning. 

Analogously to 14. 4[ it can be shown that: 

Lemma 4.7 and are open regular monomorphisms whose images are, 
respectively, the open suhlocales and [V* . 

Definition 4.8 For all a E 0{G) we define 



We remark that, contrary to 14.41 this does not necessarily define an invo- 
lutive action of r{G) on 0{G), and, indeed, much of what we shall do later 
in section |5] has to do with conditions under which such an involutive action 
exists. For now let us record a useful property: 

Lemma 4.9 For all a G 0{G) we have 



X„ = mo {to d\v,id*{v)) , 



p^ = mo {Lr,(ij),sor\u) 



a ■ a 



a ■ a 



(A.),(aAF) , 
(p.),(aA[/*) . 




x*y<a 




xy<a 
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a ■ a = 

x*y<a 



Proof. The inverse images of Ao- and p^- are: 

Kia) = V t*{x)Ay, 

xy<a 

plia) = V xAs*{yr. 

xy<a 

But we also have 

a -a = A^-i*(a A V) , 
a ■ a = pa-i*{a A U*) , 

and thus using the formula t^^i = i o So- we ultimately obtain 

V s*ix)^y^ 

~*y<a 

a-a-^ = y xAs*{yy . I 

xy<a 

Actions of local bisections on open quantal frames. Now we drop 
multiplicativity and consider Q to be just an open quantal frame. Inspired 
by 14.91 we are led to the following definition. 

Definition 4.10 Let cr be a local bisection of Q. We define 

a ■ a = \J s*{x) A y , 

x*y<a 

a-a~^ = Y X A s*(y)* . 

xy<a 

We immediately obtain the following two technical conditions: 
Lemma 4.11 For all a,T E r{Q) we have (cr ■ a)* = a* ■ a^^. 
Proof. 

(a -a)* = (y s*ix)Ay] = \/ s*(x)*A2y*= \/ A 

\x*y<a / x*y<a y*x<a* 

* -1 ■ 

= a ■ a .1 
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Lemma 4.12 The map f of \3.2^ satisfies 

f{a) = sUa . r-i) . 
In particular, if f preserves joins ar is defined and we have 



Proof. This follows from 



f{a) = sli\J x^s:{yr\=sl\ 

\xy<a / 



a ■ T 



Weak multiplicativity. Continuing to consider Q to be an arbitrary open 
quantal frame, not necessarily multiplicative, we now introduce a weak form 
of multiplicativity under which r{Q) will be seen to have a well defined 
inverse semigroup structure. 

Definition 4.13 The open quantal frame Q is called weakly multiplicative 
if the following conditions hold for all cr, r, G r{Q): 

1. V preserves joins; 

2. a ■ (— ) preserves joins; 

3. (ar)]/ = airu). 

We remark that the notion of weak multiplicativity includes, by definition, 
the condition that the map u exists, with inverse image u* = v, along with 
the existence of the global bisection e = (u, 1) (cf. 13. 71) . This condition alone 
has several consequences regarding the existence of well defined products of 
certain local bisections, as the following three lemmas illustrate. 

Lemma 4.14 Let Q be weakly multiplicative. For all a G r{Q) we have the 
following well defined products: 

(J^V = o kv^) ■ 

Proof. First we show that the domain of aa~^ is what it should be: 

u^„-i = s*{u:.^) = s*{v:) = u^. 
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Now the domain section of aa ^ (cf. formula for / in 13.221) : 

xy<.a 
xy<a 

= \J slix) A aliW)) 

xy<a 



= y sUx) A slif) 

xy<a 




= slid* {u* (a))) 

Hence, So-o-i = uo kjj^. For a~^a everything is analogous. I 

Lemma 4.15 Let Q be weakly multiplicative and let a be a local bisection. 
Then the product as is well defined and we have as = a. 

Proof. For the domain we have = = = Ua-; and, for the 

domain section (cf. 13.221) : 




In order to show that So-e = So- we shall prove that the argument of s* in the 
last expression equals a: 



y xAu\yY = 

xy<a 




= \l xAz* 

xzz*<a 

= \J X A z 

xz*z<a 

= 

xx*x<a 

= a . 

The last step is the axiom (U). I 
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In a similar way we prove the following: 

Lemma 4.16 Let Q be weakly multiplicative and let a be a local bisection of 
Q. Then the product a{a~^a) is well defined and we have a{a~^(j) = a . 

Proof. For the domain we have U^(^„-i^^ = s* (V^*) = Ua] so let us check the 
domain section (cf. 13.221) : 



The last step follows from (U). I 

Now we arrive at the main results of this section. 

Theorem 4.17 If Q is weakly multiplicative r{Q) is a complete and in- 
finitely distributive inverse semigroup (i.e., an abstract complete pseudogroup) 
and the following conditions are satisfied. 

1. We have e ■ a = a ■ e = a for all a E Q. 

2. The natural order of r{Q) is given by restriction. 

3. The semilattice of idempotents of r{Q) is isomorphic to R{Q). 
4- o" ^ then a ■ a < T ■ a for all a E Q. 

Proof. Let us assume that Q is weakly multiplicative. We begin by observing 
that, by I4.12[ the multiplication is well defined, and it is associative by 
hypothesis. That we have involutivity follows from 13.251 Since we have the 
equality of 14.16^ in order to obtain an inverse semigroup we need only show 
that the idempotents of the form aa~^ commute. We have 
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since aa ^ = {u o ku^, U„) and rr ^ = {u o ku^, 11^). It is then easy to see 
that 

vl\/xA v{yy A f/; I A f/^ = v{\JxA viy)* AuA AU^ 

\xy<a / \xy<a / 

= 5(rT-l)(acr-l)('^) ' 

using the fact that v{z*) = v{z) = z for z ^ R(<5). It is obvious that 



((T<T-l)(rr-l) = L'(rr-1)(<T<T-1)- 



We have thus concluded that r{Q) is an inverse semigroup. Let us prove 
conditions [THU The condition e ■ a = a follows directly from (U). Suppose 
a < T. If cr = {pp^^)t then 



sAa 



(a) = V ^^<(yy] ^u, 



V u*{x)Au*s:{yy] AUp 



\xy<a 



V s:u*{x)As:{yr\AU, 



\xy<a 

V u*{x)Ay\ AUp 

\xy<a / 

= s;{a) AUp = (srokuXia) 

and f/o- < Ur- Now notice that all the idempotents are necessarily of the 
form aa~^. In order to show that the naturally ordered set of idempotents of 
the form aa~^ is order isomorphic to R((5) we use the monotone assignments 

aa-^ ^ U 

and 

U ^ uo ku ■ 

For condition H] suppose a < r. Then, as we have seen, 

s:{w) = s:{w)AUp. 

Hence, 

a-a = y sl{x)Ay= \/ s*{x)AyAUp 

x*y<a ■i;*i/<a 

< Y s*ix)Ay = T-a. 

x*y<a 
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Finally, r{Q) is infinitely distributive due to condition [31 which implies 
that E{r{Q)) is a frame, and completeness follows from a standard argument 
of gluing of local sections apphed to bisections: let ((Tj)jgj be a family of 
compatible elements (sj,t/j) G r{Q), that is, such that for all i,j & I both 
O'iO'J^ and cr~^aj are idempotents; it follows from the previous results that 
for any i,j G / we have 

O'ilUiAUj = <^j\UiAUj 

and thus there is a gluing a = (s, U) of the family (cTj), which is the join y. 
in the natural order of r{Q) and is defined by s* = \/. s* and U = \J (cf. 
[a pp. 90-92]). I 

We remark that it is unknown whether all open quantal frames are weakly 
multiplicative or not. But at least, as the terminology suggests, multiplica- 
tivity implies weak multiplicativity: 

Theorem 4.18 If Q is multiplicative then it is weakly multiplicative. 

Proof. The first condition follows from the fact that a-a = A*_i(aA V). We 
now check the associativity. Consider the following frame homomorphisms, 
whose definitions are analogous to those of l and (3 in 13.91 





U(aT)iy 






U{aT)u 
















is 


Ua(ru) 






Ua-(TU) 




L4 


Uru^ 











First we show that 

/?2 O il = i4 O /^S , 

by proving that 

kur o /?2 o ii = ku, o t4 o , 
which in turn follows from the following derivation: 

kur°p2°t'i = r o o ti = r o s„ o Ls 
= ku,^ 0^3 = kur o^ops ■ 
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Now we prove the associativity. First, we have 



mo {s^^o Li,s^o f3i) 

mo {mo {s„o i2, Sr O /?2) o il, Su O (3i) 

mo {mo {s„L2 o Li,Sr(32 o , Su o (3^) . 



And this equals 



mo {mo {s^L3, SrOL^O f]3),S^ O O (3^) 

m o {s^L3, mo {s^o i4, o (3^) o f]^) 

mo {s„L3,SruO Ps) = S„(^ru) ■ I 



Weak multiplicativity revisited. We conclude this section by obtaining 
a sufficient condition for weak multiplicativity of an open quantal frame Q: 

Theorem 4.19 Assume that a ■ (— ) preserves joins for all r{Q) and that 
the inequality s*(a* ■ r"^) < s*(s*(a*)*) holds for all a e R{Q). Then r{Q) 
has an associative multiplication. If in addition v preserves joins Q is weakly 
multiplicative. 

Proof. The existence of the multiplication follows from 14.121 Let us verify 
that f/(o-r)i^ = Ucj(^ru) for all local bisections a, r, and z/, which is easy: 



Then using the definition of the product we obtain the following, for all 

a e Q, 




xw<a 




V 4(^)A4(4(?/)*)A4(4(4(^rr) 



xyz<a 
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and also 

SUM = V C(^A<(z)*) 

wz<a 



'wz<a 



V V 4(^)A4(4(?/)*) AC(4W*) 

wz<.a \xy<w / 



xyz<a 

and thus the associativity is a consequence of the equality 



that follows directly from 13.221 and the hypothesis. I 

Corollary 4.20 // R{Q) is a Ti locale and for all a G r{Q) both v and 
cr ■ (— ) preserve joins then Q is weakly multiplicative. 

Proof. As already seen above, we need only show that 

s^{a -T ) = s^{s^{a ) ) 

for all a G R{Q). But we have, bv [31221 that 

sja ■ r ) > s^{s^{a 



Considering the frame homomorphisms f,g : R{Q) —>■ Q given by /(a) = 
s*(a* ■ r"^) (cf. I4.12P and g{a) = s*{s*{a*)*), we obtain /(a) > g{a) for all 
a G R((5) (cf. 13.221) . Then, since R{Q) is Ti, we have f = g. I 



5 Embeddability 

In this section we study sufficient conditions for a weakly multiplicative open 
quantal frame Q to be multiplicative. These are based on embeddability 
properties of Q into the inverse quantal frame that arises as the 

quantale completion of r{Q). These properties are not necessary, however, 
since they are not satisfied by all the multiplicative open quantal frames 
(in particular cases they imply localic spatiality). We also study the open 
groupoids G whose quantales 0{G) satisfy the embeddability properties, re- 
lating this to the possibility of defining a notion of universal etale cover for 
open groupoids. 
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Ideals of inverse quantal frames. First we sliall see liow some multi- 
plicative open quantal frames arise as "ideals" of inverse quantal frames. This 
is somewhat independent from what follows next, but the proof of the main 
theorem of this paper, I5.24[ is modeled on the proof of the main theorem 
about ideals, 15.51 We begin with a general definition for involutive quantal 
frames. 

Definition 5.1 We say that a subframe 2f C Q of an involutive quantal 
frame Q is an involutive ideal if Q'2 C 3 and J* C Q. 

An involutive ideal is in particular an involutive subquantale (not neces- 
sarily unital). 

Remark 5.2 Note that since in an inverse quantal frame we have \/ X{Q) = 
1 the condition Q3 C Q in this case is equivalent to 

I{Q)3 C 3 . 

Remark 5.3 When Q is an inverse quantal frame we shall want J to be seen 
as an R((5)-module with the usual module operation 

z ■ X = z A X 

for all z G R(Q) and x G Df, so a natural condition to impose would be that 

al A X E 3 

for all X G J. But this is saying precisely that 

^"(a)x G 3 

for all X G J and a E Q. Also, <j(a) G je = E{X{Q)) C T{Q). So it actually 
follows from 3 being an involutive ideal (or I{Q)3 C 3) that 3 has the natural 
structure of both an <j((5)-module and an R(Q)-module. 

Let Q be an inverse quantal frame. Henceforth we shall always denote 
hj L : 3 Q the inclusion monomorphism of an involutive ideal 3 into Q. 
It is obviously a homomorphism of R((5) -modules. Now consider l ^ t = 
(id (8) t) o (i (g) id) given by the composition: 

(5.4) 3 ®R(Q) 3 Q ®R(Q) 3 Q ®r(q) Q . 

In [T7j it is shown that inverse quantal frames are projective <j((5) -modules 
and hence projective R((5)-modules (with the usual module structure). Hence, 
by [3 Prop. II. 4.1] we have that Q is a flat R(Q)-module. 
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Theorem 5.5 Let Q be an inverse quantal frame and 3 <Z Q an involutive 
ideal that is an open quantal frame. Assume that i (8) id is mono. Then 3 is 
a multiplicative open quantal frame. 

Proof. In order to simplify our notation we shall denote the reduced mul- 
tiplication of (5 by /X (rather than fj,o), and we shall denote the reduced 
multiplication of Of by m (this is a restriction of fj,). We begin by showing 
that 



vxJx) 



for any x G J. The inequality /x*(x) > m*(x) is immediate, so we need only 
show that 



Now, by hypothesis. 



for all X & 3, so that 



V y> 



X 



ye3 

yy*y < x 



V V 



yeo 
\ yy*y < x 



/ 



2/ e 3 

yy*y < x 



using the fact that preserves joins because Q is inverse. Hence we need 
only show that 

for all y e Of such that yy*y < x and the result will follow by taking the 
supremum. Let then y be such an element. We have 

At*(y) = \/ a ® 6 . 

ab<y 

But since \j X{Q) = 1 we also get that \j X{Q) ®X{Q) = 1 1, so that if we 
show that 

s®t< m^{x) 

for all s, t e X{Q) such that st < y the result will follow by taking the 
supremum of all such pure tensors. Let s and t be such elements. Then we 
have that 

s®t — ss*s <S>t — s <S> s*st < s <S> s*y 
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and, analogously, 

s (S>t <yt* (S>t . 

Hence, 

s0t<(sA yf) ®{tA s*y) < yt* s*y . 
But by hypothesis I{Q)3 G 3 so that yt* e 3 and s*y e 3. Moreover, 

yfs*y = y{styy < yy*y < x . 

Hence, combining our expressions we get that s <S> t < m*{x) . 

Now we show that m* preserves joins. Since Q is an inverse quantal 
frame we have, as we have seen, that id i is mono. Hence, by hypothesis, 
6®t = (t®id) o (id®t) is mono. Consider a join Va-^a with Xa G 3. Applying 
what we proved we have, since Va G 3: 



\J Xaj = nA\J Xaj = \J fJ^*{Xa) = \J m.^{Xa) ■ 
\ a / \ a / a a 



Hence, 3 is multiplicative. I 
Also, we have: 

Theorem 5.6 Let 3 be an involutive ideal of an inverse quantal frame Q 
such that L<S>id is mono and 



V y-^ 



2/ e 3 

yy*y < x 

for all X & 3. Then 3 is a multiplicative open quantal frame. 

Proof. Since Q is inverse it is in particular open, so that (B) and (O) are 
verified and hence hold also in 3. Also, in Q we have 

a < aa*a , 

so that together with the inequality in the hypothesis we get (U). Note that 
R{3) C R((5) because 3 is an involutive ideal of Q. Finally for {R) observe 
that 

vj = [id,i] om^ = [id,i] o fj,^\j , 

using the proof of the last theorem. So the fact that VQ{q) G R(Q) (since Q 
is open) implies (R). I 
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Hence, combining the two previous results, we get our main result about 
ideals: 

Theorem 5.7 Let Q be an inverse quantal frame and 3 G Q an involu- 
tive ideal. Then 3 is a multiplicative open quantal frame if and only if the 
following two conditions hold: 

• i ^ id is mono; 

• V y ^ X for all X E 3. 

y e3 

yy*y < x 

It is easy to see, using the definition of Ti locale together with 15.61 that 

Corollary 5.8 Let Q he an inverse quantal frame and 3 d Q aTi involutive 
ideal such that i ® id zs mono. Then 3 is open and multiplicative. 

Weak embeddability. From now on Q will denote an arbitrary but fixed 
weakly multiplicative open quantal frame, and we shall address two embed- 
dability properties which, jointly, are sufficient conditions for multiplicativity. 
Throughout the rest of this paper we shall denote by Q the inverse quan- 
tal frame C^{r{Q)) that arises as the quantale completion of the abstract 
complete pseudogroup r{Q) in the sense of [T6] . 

Lemma 5.9 For all a G Q the set 

j(a) = {ae r{Q) I s*{a) = U} 

is a downwards closed subset of r{Q), and it is also closed under the forma- 
tion of joins of compatible subsets. The mapping 

thus defined is a homomorphism of frames. 

[These properties are easy to understand in the case of the quantale of a 
topological open groupoid G: for an open set W (Z Gi the set j{W) is the 
set of local bisections (s, U) whose image s{U) is contained in W.] 

Proof. Recall that r{Q) has its natural order given by (s, U) < {s', U') iff 
s'\u = s. The sets j{a) are downwards closed, for if a G j{a) and t < a then, 
since Sa\ur = ^r, if s^(o) = then s*(a) = s* (a) AUr = Ua AUr = Ur- The 
sets j{a) are also closed for joins of families of compatible elements (aj) due 
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to the properties of the gluing (s, U) = \/- cxj, since we have s* = \/. s* and 
U = \J j^Ui (cf. I4.17p . In order to see that j is a homomorphism of frames we 
remark that we have 



i(aA6) 



r{Q) = In , 



and thus j preserves finite meets. Hence, j is monotone and we have 



The condition a G j (Vi ctj) imphes that \J ■ s*{ai) = U and thus s*{ai) < U. 
Hence, if we define at to be the restriction of a to s*(aj) we obtain G j{ai) 
and a = \/-ai ^ Vji('^i)- Hence, j is a homomorphism of frames. I 

The completion r{Q) ^ Q is defined by a t-^ and in order to 

simplify notation we shall write a instead of Note that we have 



Remark 5.10 We remark that Q may be thought of as a generalized concept 
of spectrum for weakly multiplicative open quantal frames (and for open 
groupoids), where the local bisections play the role of "points" . In particular, 
if R(Q) is the singleton locale {0, 1} (or, more generally, Q in the underlying 
topos), it is easy to see that local bisections correspond to actual points and 
j{a) is, for each a E Q, the set of points "in" a. 

Definition 5.11 We say that Q is weakly embeddable, if 




err = err . 



for all a G Q and a G r{Q). 



Here a ■ a denotes the action of cr on a as in 14.101 




x*y<a 



Remark 5.12 The completion (— ) : r{Q) 

r(Q)-j(Q). 



Q defines an isomorphism 
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Lemma 5.13 If Q is weakly embeddable the following properties hold for all 
a,b E Q and a,T E r{Q): 

1- j{a)jib)<j{ab); 

2. j{a*) = j{aY; 

3. j{a ■ a) = dji^a) and j{a ■ r) = j(a)T; 

4- //"S" < j{a) then cPr < j{a ■ r) and Ta < jij ■ a); 

5. If j is mono and a < j{a) then a ■ b < ab; 

6. j(R(g)) = R(Q)=j(^(^(Q))-i); 

7. // j is mono then a ■ {t ■ a) = {a ■ t) ■ a; 

8. If j is mono then a ■ {a ■ r) = {a ■ a) ■ r . 

Notice that m above implies that j{Q) is an involutive ideal of Q. 

Proof, m In order to see that we have j{a)j{b) < j{ab) let p G j{a)j{b). We 
can assume p = ar with a G j{a) and r G j{b), since a general element of 
j{a)j{b) is the join of a compatible set of elements of this form. Then 

= 4(a)A.*((4(6)r)<C(a&), 

and thus p G j{ab). 

[21 For this property we show that j{a*) = (j(a))~^ = {cr^^ \ cr G j{a)}. 
Suppose that a G j{a*). Then s*(a*) = U. We have a = (a^^)^^. Hence we 
must show that a^^ G j{a). We have 

4_,(a) = t*{a*) = {a~'y{s*{a*)) = (a-^iU) = V , 

and thus a^^ G j{a). On the other hand, suppose we have a G j{a). Then 
s*{a) = U. Hence, 

sl-^{a*) = t*{a**) = {a-^y{s*{a)) = a-^*{U) = V , 

and thus a^^ G j{a*). 

[3l The first equality follows directly from weak embeddability. The sec- 
ond one follows from 

j{a ■ r) = j{{r-' ■ a*)*) = (r*jK))* = = Mr , 
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using WJT\ and d 

m If a < j{a) then ar < j{a)T = j{a ■ r) using weak embeddability. 
O If a < j{a), then j(cr ■ h) = aj{b) < j{a)j{b) < j{ab). Since we are 
assuming that j is mono, we get a ■ h < ah. 
El We have 

j{z)l = j{z)3{Iq) < j{zIq) = j{z) 

for z G R((5). Hence j{K{Q)) consists of right-sided elements. On the other 
hand, if z G R(Q)) we get that z = al = aiilq) for some a G E{r{Q)). 
Then, using [31 we conclude that 

z = ajilg) = jia ■ 1q) G jiEirm ■ 1q) C • 

[71 We have a(rj(a)) = ■ (r ■ a)), by weak embeddability. But also 
airj{a)) = (ar)j(a) = i((o-r) • a). Hence, since j is assumed to be mono we 
get a ■ {t ■ a) = (err) ■ a. 

[HI From the fact that (aj{a))T = d{j{a)T), and using analogous reasoning 
to the one used in [71 we get the desired result. I 

The following lemma will be used further ahead. 

Lemma 5.14 Assume that for all a,T E r{Q) the condition a < j{a) im- 
plies that ra < j{T ■ a), and that a ■ {t ■ a) = (ar) ■ a holds. Then Q is weakly 
embeddable. 

Proof. Suppose that we have t < j{a-a). Then r G j{a- a). But this means 
that 



Ur < 4(cT ■ a) = 




x*y<a x*y<a 

Hence, Ur < U„ and, bearing in mind that aa^^ = {U„,u o kjj^), we have 

r = aa'^T . 

But we also have 

cr-V < cr-^j{a ■ a) < i(o-"V ■ a) < j{e ■ a) = j{a) , 

using l^?T71 Hence, r = aa^^r < aj{a), so that 

j{a ■ a) < aj{a) . 
The other inequality follows from the hypothesis. I 
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The quantale Q has the induced structure of an R((5)-module whose 
action is given hj z ■ a = j{z) A a, for z G R(Q) and a (z Q. We see that this 
induced module structure is precisely the natural R(Q)-module structure of 
Q taking into account the identification 

r] : R(Q) ^ E{r{Q))l = <^(Q)1 = R(Q) 

given by rjlz) = aa"^! for any a = {s, z). It is well defined and it does not 
depend on a. 
We have that 

Lemma 5.15 Considering the usual Ii{Q)-module structure and Q with the 
one described above, j is a homomorphism of R.{Q) -modules. 

Proof. 

j{z A a) = j{aa-^ . 1q A a) = j{aa-^ ■ 1q) A j{a) 

= aa-^j{lQ) A j{a) = aa'^ A j{a) 

= V{z) ^j{a) = r]{z) ■ j{a) . I 

(Strong) embeddability. From now on we shall assume that Q is not 
only weakly multiplicative but also weakly embeddable, and we shall address 
another condition on j which, as we shall see, implies multiplicativity. First, 
an approximation of the envisaged condition is the following: 

Definition 5.16 Q is said to have enough bisections if j is mono. A semiopen 
groupoid G is said to have enough bisections if 0{G) has enough bisections. 

Example 5.17 If R(Q) = {0,1}, having enough bisections means being 
spatial locale. 

Now we introduce the slightly stronger condition that we need. Notice 
that j, being a homomorphism of R((5)-modules, induces a homomorphism 
j ® j = (id ® j) o (j (g) id) given as the composition: 

(5.18) Q ®R(Q) Q Q ^^^^^ Q Q ^^^^^ Q . 

Since Q is an inverse quantal frame, it is, by [17], a flat R((5)-module. 
Hence, we conclude that id ® j is mono, and thus if j ® id is mono j ® j is 
also mono. 
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Definition 5.19 We say that Q is embeddable if it is weakly embeddable 
and j (8>id is mono. A semiopen groupoid G is said to be embeddable if 0{G) 
is embeddable. 



Lemma 5.20 If Q is embeddable it has enough bisections. 

Proof. Embeddability implies that j ® j is mono. The result then follows 
from the fact that we have the commutative diagram 



(5.21) 



Q ®R(Q) Q Q ®R(Q) Q 



id®l id®l 

Q 



and that id 1 on both sides is split mono because we have [id, id] o id 1 = 
idg. I 

Lemma 5.22 Let Q have enough bisections. Then a ■ (— ) defines an invo- 
lutive r{Q) -action on Q. 

Proof This follows from ElSl-dZIHD- ■ 

Remark 5.23 Let Q be embeddable. Then, by the above lemma cr ■ (— ) 
defines an involutive /"((5)-action on Q. Consider Q with the natural involu- 
tive r{Q) = X((5)-action given by cr ■ a = aa. Weak embeddability says that 
j is a homomorphism of /"((5)-actions. 

We now come to our main result. 

Theorem 5.24 If Q is embeddable it is multiplicative. 

Proof. The proof of this result follows the same lines as that of I5.5[ whose 
notation we partly imitate. Let /i be the reduced multiplication of Q and m 
the reduced multiplication of Q (which plays a role analogous to that of the 
involutive ideal 3 in 15.51) . We begin by showing that 

= j ® J om*(x) 

for any x E Q. The inequality n^{j{x)) > j ® j om*(x) is immediate, since 
j{a)j{b) < j{ab) for all a,b & Q, so we need only show that 

fJ'*ijix)) < j (g)j om^x) . 
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Now, by hypothesis, 



for all X G Q, so that 



y&Q 
yy'y < ^ 



V j(y) 



yeQ 
\ yy'y < x 



V ^^*Uiy)) 



J 



y&Q 
yy*y < x 



using the fact that fi^ preserves joins because Q is inverse. Hence we need 
only show that 

for all y & Q such that yy*y < x and the result will follow by taking the 
supremum. Let then y be such an element. We have 

Mj{y))= V 

ab<j{y) 

But since \/ X{Q) = 1 we also get that \/ X{Q) ®X{Q) = 1 (g) 1, so that if we 
show that 

s®t < m^{j{x)) 

for all s,t G X{Q) such that st < j{y) the result will follow by taking the 
supremum of all such pure tensors. Let s,t G X{Q) be such elements. Then 
we have that 

s ® t = ss*s ® t = s (g) s*st < s ® s*j{y) 

and, analogously, 

s®t < j{y)t* ®t . 

Hence, 

s®t<{s^ yt) 0{tA s*j{y)) < j{y)t* ® s*j{y) . 



Now, taking into account the isomorphism r{Q) = I{Q) (cf. I5.12p . there 
must be cr, T G r{Q) such that s = a and t = t, and thus bv 15.131 13] we have 



(5.25) 

and 

(5.26) 



j{y)t* = j{y)r-' = j{yr-')ej{Q) 



s*jiy) = ^ ^jiy) = -y) e j{Q) 
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In addition, by 15. 131 121 we get r^V^^ = (st)* < j{y*). Since by I5.2UI j is 
mono, I5.13t l5] gives us y ■ {r^^a^^) < yy* and we get 

{y ■ T-^){a'^ -y) = {y- < yy*y < x , 

using the properties of involutive actions of 14.21 Hence, using fl5.25l) and 
fl5.26p we obtain 

{j{y)t*){s*j{y)) = j{y ■ r-')jia-' ■ y) < j{x) , 

and also 

s®t< j{y)t* (g) s*j{y) < i ® j o m*(x) . 

Taking the supremum of the pure tensors s ® t we conclude < 
j ® j o m*(x) as desired. 

Now we show that m* preserves joins. Consider a join \J ^ with Xa € Q. 
Applying what we proved we have, since \J ^ Xa G Q: 

a \ a 

Since j ® j is mono, Q is multiplicative. I 



Coverable open groupoids. As we have seen, weak multiplicativity plus 
embeddability is a sufficient, but not necessary, condition for multiplicativ- 
ity. Hence, the quantale 0{G) of an open groupoid G is not necessarily 
embeddable. In those examples where it is, we may regard the embedding 
j : 0{G) 0{G) dually as some kind of cover of G. We conclude this paper 
by briefly studying such groupoids. We shall see that these include many of 
the examples that occur in practice, in particular Lie groupoids. 

Definition 5.27 Let G be an open (localic) groupoid. We denote by G 

the localic etale groupoid Q{0{G)). The groupoid G is said to be coverable 
(resp. weakly coverable) if its quantale 0{G) is embeddable (resp. weakly 
embeddable) . We also say that G has enough (local) bisections if 0{G) does. 

Our terminology is justified because (weakly) coverable groupoids are 
covered by etale groupoids in the following sense: 
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Theorem 5.28 Let G be a weakly coverable open (localic) groupoid with 
enough bisections (for instance, a coverable groupoid). A functor of localic 
groupoids 

J -G^G 

is defined where Jq is the canonical isomorphism Go —>■ Go and Ji : Gi ^ Gi 
is given by = j. Moreover, J is an epimorphism, and it is an isomorphism 
if and only if G is etale. 

Proof. Let m and m be the muhiphcations of G and G, respectively. In 
order to show that J is a functor we essentiaUy need to show that 

° 3 = 3 ® j ° ^* ) 

which follows analogously to the first part of the proof of Theorem 15.241 (with 
■m* and m* playing the role of /i* and m*, respectively). If G is etale, 0{G) is 
an inverse quantal frame. Hence, in this case J is an isomorphism because, 
identifying r{0{G)) with 2{0{G)), the homomorphism j is the canonical 
isomorphism 

0{G) ^ C^{1{0{G))) . 

Finally, Ji is an epimorphism of locales, and J is an epimorphism of groupoids, 
because G has enough sections, which means that j is a monomorphism. I 

We remark that j is not necessarily a homomorphism of quantales. In 
other words, the covering of G is better behaved than the embedding of 0{G), 
and provides an example of a situation where the dual of a homomorphism 
of groupoids is not a homomorphism of quantales (cf. [IS]). (However, if j 
is a homomorphism — for which it suffices to require the condition j{ab) < 
j{a)j{b) — cf. l5.13t fT] — then 0{G) is isomorphic as a quantale to j{0{G)), 

which is an involutive ideal of 0{G).) 

In order to find examples of coverable groupoids we shall look at sober 
topological groupoids. For such a groupoid G we shall write G for the spec- 
trum of Q{0{G)); that is, G is the groupoid of germs of local bisections of 
G or, in other words, the etale groupoid associated to the abstract complete 
pseudogroup r{G) as in [10]. Some remarks are immediate: 

1. G is sober; 

2. G has enough bisections if and only if for every x E Gi there is a local 
bisection (s, U) such that x G s{U); 



52 



We remark that a sober topological open groupoid G is not "the same" 
as a localic open groupoid because the quotient of frames 

^^(^1) ®n(Go) ^(Ci) ^ QiGi xg, Gi) 

is not necessarily an isomorphism. However, a sufficient condition for this 
quotient to be an isomorphism is to have Gi locally compact (cf. [HI p. 61]), 
and this includes many examples in practice. For instance, the usual notion 
of locally compact groupoid stems from harmonic analysis and carries more 
information than mere local compactness of Gi. (A locally compact groupoid 
G is usually also open, either by definition or as a consequence of measure- 
theoretic constraints, it is often second-countable. Go is usually assumed to 
be Hausdorff, and in those cases where Gi is not Hausdorff it is required to 
satisfy a condition which in fact is stronger than local compactness.) 

For the purposes of this paper it suffices to adopt the following very 
general definition: 

Definition 5.29 A topological groupoid G will be said to be locally compact 
if it is open and Gi is a locally compact space. 

Example 5.30 Lie groupoids are sober because they are Hausdorff, they are 
locally compact because they are manifolds, and they have enough bisections 
due to the local triviality of d. See [HI [Tl] . 

Theorem 5.31 Any sober locally compact groupoid with enough bisections 
is coverable. 

Proof. Let G be a locally compact groupoid with enough bisections which 
is also sober (i.e., Gi is a sober space). We prove that 0{G) is weakly 
embeddable by verifying the two hypotheses of 15.141 We know that a ■ (— ) 
induces an involutive action on 0{G) (cf. 14. 4p so we need only show that the 
first hypothesis of l5.14l holds. Let r G jiW) for some open set W of Gi. This 
means that Sr{U) C W. Now 

for all X e s~^r~^{U). But, for the same x, Sa{x)W consists of elements 
Sa{x)y such that y eW and r(so-(x)) = d{y). That is to say 

y e d-\{r{s„{x))}) ^ d-\V) 

and, since r{sa{x)) = a^ix), we obtain x = a~^{d{y)), so that Sa{x)W 
consists of elements s„{a~^{d{y)))y = t„{d{y))y with 

y G d-\{r{s^ix))}) C d-\V) . 
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Since t„{d{ii))y G a ■ W, we conclude that (Pr < j{a ■ W), and weak embed- 
dability follows from 15.141 

Now we show that j ® j is mono. We have the continuous map of topo- 
logical spaces 

k '. Gi — > G\ 

given by k{sy) = s{y), where Sy denotes the germ a.t y E U of the local 
bisection a = {s, U). Having enough bisections implies that k is surjective. 
It is clear that the inverse image frame homomorphism k~^ is j, and thus 
we have the following commutative diagram of frame homomorphisms where 
the left vertical arrow is an isomorphism because Gi is locally compact: 

^{Gi) ®n{Go) ^{Gi) ^^^fi(Gi) ®n(Go) ^{Gi) 



^2) '^-^ . 

Hence, j ® j is mono because {k x k)^^ is. I 
Corollary 5.32 Every Lie groupoid is coverable. 
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